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Abstract
In this paper, we are able to sharpen Hua’s classical result by showing that each sufficiently large integer
N ≡ 1 (mod 3) can be written as
N = p + p21 + p22 + p23 + p24, with
∣∣∣∣p − N5
∣∣∣∣
√
N
5
U,
∣∣∣∣pj −
√
N
5
∣∣∣∣U, j = 1,2,3,4,
where U = N 41100 +ε and p, pj are primes. This result improves a previous result with U = N
41
100 +ε replaced
by U = N 511 +ε .
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1. Introduction
In the Waring–Goldbach problems, one studies the representation of positive integers by sums
of prime powers. One of the important results of Hua [4] states that each sufficiently large integer
N ≡ 1 (mod 3) is a sum of a prime and four squares of primes. In 2004, Meng [10] considered
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sufficiently large integer N ≡ 1 (mod 3), the equation with prime variables
⎧⎨
⎩
N = p + p21 + p22 + p23 + p24;
|p − N5 |
√
N
5 U, |pj −
√
N
5 |U, j = 1,2,3,4,
(1.1)
has solutions for U = N 511 +ε . Moreover it was also proved in [10] that when one assumes the
generalized Riemann Hypothesis (GRH), the equation (1.1) has solutions for U = N 25 +ε .
In this paper, we improve on the previous result by applying the iterative method introduced
by Liu [7], a new estimate for Dirichlet polynomials introduced by Choi and Kumchev [2], and
a new estimate for exponential sums over primes in short intervals established by Liu, Lü and
Zhan [8]. This results in the following improvement.
Theorem 1.1. For each sufficiently large integer N ≡ 1 (mod 3), the equation (1.1) has solutions
for U = N 41100 +ε .
The method used in [10] can not give the true order of the number of the solutions of the
equation (1.1). From the proof of our Theorem 1.1, one can find that in fact our methods establish
the asymptotic formula for the number of the solutions.
Theorem 1.1 is proved by the circle method. As we can expect, there are two difficulties
arising from the major arcs and the minor arcs respectively. When treating the major arcs, we
apply the iterative method in [7] and the new estimate for Dirichlet polynomials in [2] to establish
the corresponding asymptotic formula. Our new estimate for exponential sums over primes in
short intervals in [8] plays an important role in treating the minor arcs.
Notation. As usual, ϕ(n) and μ(n) stand for the functions of Euler and Möbius, respectively.
N is a large integer, and L = logN. The letter ε denotes a small positive constant which is fixed
throughout this paper.
2. Outline of the method
Let N be a sufficiently large integer satisfying N ≡ 1 (mod 3) and
r(N) =
∑
N=p+p21+···+p24
|p−N5 |
√
N
5 U, |pj−
√
N
5 |U
(logp)(logp1) · · · (logp4),
where U = N 41100 +ε and p, pi are primes. For
N1 =
√
N
5
−U, N2 =
√
N
5
+U,
Y = N −
√
N
U, X = N +
√
N
U, (2.1)
5 5 5 5
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S(α) =
∑
N1pN2
(logp)e
(
p2α
)
and
T (α) =
∑
YpX
(logp)e(pα).
Then we have
r(N) =
1∫
0
T (α)S4(α)e(−Nα)dα. (2.2)
In order to apply the circle method, we set
P = N 9100 , Q = N 64100 . (2.3)
By Dirichlet’s lemma on rational approximation, each α ∈ [ 1
Q
,1+ 1
Q
] may be written in the form
α = a
q
+ λ with 1 q Q, |λ| 1
qQ
. We define n to be the subset of the α = a
q
+ λ with
P  q Q, |λ| 1
qQ
.
To define the major arcs, let
P∗ = N 9200 , Q∗ = N 3140 +2ε. (2.4)
Then the major arcs M are defined as the union of all intervals
[
a
q
− 1
qQ∗
,
a
q
+ 1
qQ∗
]
with 1 a  q  P∗ and (a, q) = 1. Obviously M and n are disjoint. Let k be the compliment
of M and n in [ 1
Q
,1 + 1
Q
], so that [ 1
Q
,1 + 1
Q
] = M ∪ n ∪ k, and consequently the formula (2.2)
becomes
r(N) =
{ ∫
M
+
∫
n∪k
}
T (α)S4(α)e(−Nα)dα. (2.5)
We shall establish the asymptotic formula on the major arcs in the next sections.
808 G. Lü / Journal of Number Theory 128 (2008) 805–819Lemma 2.1. Let the major arcs M be as above. Then for any A > 0,
∫
M
T (α)S4(α)e(−Nα)dα = 1
16
P0S(N)+O
(
U4L−A
)
,
where
P0 :=
∑
m+m1+···+m4=N
N21mjN22 , YmX
(m1 · · ·m4)− 12  U4,
and S(N), which is defined by (3.3), satisfies S(N)  1 for N ≡ 1 (mod 3).
Next we estimate S(α) on n ∪ k. We first estimate S(α) on n, and this has been done in Liu
and Zhan [9]. Theorem 2 in [9] states that
S(α) 	 UN ε8
(
1
P
+ N
1
4
U
+ N
2
3
U2
+ QN
1
2
U3
) 1
4 	 U 54 N− 18 − 18 ε. (2.6)
To bound S(α) on k, we need estimates for quadratic exponential sums over primes in short
intervals established by Liu, Lü and Zhan [8].
Lemma 2.2. For k  1, 2 y  x and α = a
q
+ λ, define
Ξ = |λ|xk + x2y−2.
Then
∑
x<px+y
(logp)e
(
pkα
)	 (qx)ε{q 12 yΞ 12
x
1
2
+ q 12 x 12 Ξ 16 + y 12 x 310 + x
4
5
Ξ
1
6
+ x
q
1
2 Ξ
1
2
}
.
Now we estimate S(α) on k. To this end, we further write k = k1 ∪ k2, where
k1 =
{
α: 1 q  P∗,
1
qQ∗
 |λ| 1
qQ
}
and
k2 ⊂
{
α: P∗ < q < P, |λ| 1
qQ
}
.
For α ∈ k1, we have |λ| 1qQ∗  1U2 , and therefore
Ξ  |λ|N + N
U2
 |λ|N.
Lemma 2.2 gives, for α ∈ k1,
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{
U
√
q|λ|N
N
1
4
+N 14 q 12 (|λ|N) 16 + N 320 U 12 + N 25
(|λ|N) 16
+ N
1
2√
q|λ|N
}
	 U 54 N− 18 − 18 ε. (2.7)
If α = a/q + λ ∈ k2, then
P∗ < q  P, Ξ  NU−2, qΞ 	 NQ−1 + PNU−2 	 N 925 .
Now Lemma 2.2 gives
S(α) 	 N ε8
{
U(qΞ)
1
2
N
1
4
+ N 14 q 13 (qΞ) 16 +N 320 U 12 + N
2
5
Ξ
1
6
+ N
1
2
(P∗Ξ)
1
2
}
	 U 54 N− 18 − 18 ε. (2.8)
From (2.6), (2.7) and (2.8), we obtain
Lemma 2.3. Let n and k be as above. Then we have
sup
α∈n∪k
∣∣S(α)∣∣	 U 54 N− 18 − 18 ε. (2.9)
Now we can establish Theorem 1.1.
Proof of Theorem 1.1. We start from (2.5). The integral on M is handled by Lemma 2.1. By
Lemma 2.3 and the well-known facts
1∫
0
∣∣S(α)∣∣4 dα 	 U2+ ε4
and
1∫
0
∣∣T (α)∣∣2 dα 	 U√N logN,
we can bound the integral on n ∪ k as follows:
∫
n∪k
T (α)S4(α)e(−Nα)dα 	
{
sup
α∈n∪k
∣∣S(α)∣∣2}
{ 1∫
0
∣∣T (α)∣∣2 dα
} 1
2
{ 1∫
0
∣∣S(α)∣∣4 dα
} 1
2
	 U 52 N− 14 − ε4 (U√N logN) 12 U1+ ε8 	 U4N− ε8 	 U4L−A.
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r(N) = 1
16
P0S(N)+O
(
U4L−A
) U4.
This proves Theorem 1.1. 
3. Some lemmas
For χ mod q, we define
C(χ,a) =
q∑
h=1
χ¯(h)e
(
ah2
q
)
, C(q, a) = C(χ0, a),
D(χ,a) =
q∑
h=1
χ¯ (h)e
(
ah
q
)
, D(q, a) = D(χ0, a),
where D(q,a) is the Ramanujan sum and D(q,a) = μ(q), if (a, q) = 1. If χ1, χ2, . . . , χ5 are
Dirichlet characters mod q, then we write
B(N,q,χ1, . . . , χ5) =
q∑
a=1
(a,q)=1
e
(
−aN
q
)
D(χ1, a)C(χ2, a)C(χ3, a)C(χ4, a)C(χ5, a), (3.1)
B(N,q) = B(N,q,χ0, χ0, χ0, χ0, χ0), (3.2)
and
S(N) =
+∞∑
q=1
B(N,q)
ϕ5(q)
. (3.3)
The following lemma is important when we prove Lemma 2.1.
Lemma 3.1. Let χj mod rj with j = 1, . . . ,5 be primitive characters, r0 = [r1, . . . , r5], and χ0
the principal character mod q . Then
∑
qx
r0|q
1
ϕ5(q)
∣∣B(n,q,χ1χ0, χ2χ0, . . . , χ5χ0)∣∣	 r−3/2+ε0 logc x.
Proof. The proof of this lemma is standard now. See for example Leung and Liu [6]. 
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V2(λ) =
∑
N1mN2
e
(
m2λ
)
, V1(λ) =
∑
YmX
e(mλ),
W(χ,λ) =
∑
N1pN2
(logp)χ(p)e
(
p2λ
)− δχ ∑
N1mN2
e
(
m2λ
)
,
U(χ,λ) =
∑
YpX
(logp)χ(p)e(pλ) − δχ
∑
YmX
e(mλ), (3.4)
where δχ = 1 or 0 according as χ is principal or not. Define further
J (g) =
∑
rP∗
[g, r]−3/2+ε
∑∗
χ mod r
max
|λ|1/(rQ∗)
∣∣W(χ,λ)∣∣, (3.5)
J ′(1) =
∑
rP∗
r−3/2+ε
∑∗
χ mod r
max
|λ|1/(rQ∗)
∣∣U(χ,λ)∣∣ (3.6)
and
K(g) =
∑
rP∗
[g, r]−3/2+ε
∑∗
χ mod r
( 1/(rQ∗)∫
−1/(rQ∗)
∣∣W(χ,λ)∣∣2 dλ
)1/2
. (3.7)
Our Lemma 2.1 depends on the following four lemmas.
Lemma 3.2. Let P∗,Q∗ be as in (2.4). We have
J (g) 	 g−3/2+εULc. (3.8)
Lemma 3.3. Let P∗,Q∗ be as in (2.4). For g = 1, Lemma 3.2 can be improved to
J (1) 	 UL−A, (3.9)
where A > 0 is arbitrary.
Lemma 3.4. Let P∗,Q∗ be as in (2.4). We have
K(g) 	 g−3/2+εU1/2N−1/4Lc. (3.10)
Lemma 3.5. For P∗,Q∗ be as in (2.4). We have
J ′(1) 	 U√NL−A. (3.11)
812 G. Lü / Journal of Number Theory 128 (2008) 805–819The proofs of Lemmas 3.2–3.3 are similar to those of Lemmas 3.1–3.3 in [1]. However, for
completeness we shall give a proof of Lemma 3.4.
Proof of Lemma 3.4. Let
Wˆ (χ,λ) =
∑
N1mN2
(
Λ(m)χ(m) − δχ
)
e
(
m2λ
)
.
Then
W(χ,λ) − Wˆ (χ,λ) 	 N1/4. (3.12)
Therefore we have
∑
rP∗
[g, r]−3/2+ε
∑∗
χ mod r
( 1/(rQ∗)∫
−1/(rQ∗)
∣∣W(χ,λ) − Wˆ (χ,λ)∣∣2 dλ
)1/2
	 N1/4
∑
rP∗
[g, r]−3/2+ε r
1/2
(Q∗)1/2
	 g−3/2+εN1/4(Q∗)−1/2
∑
rP∗
(
r
(g, r)
)−3/2+ε
r1/2
	 g−3/2+εN1/4(Q∗)−1/2
∑
rP∗
(
r
(g, r)
)−1+ε
r1/2
	 g−3/2+εN1/4(Q∗)−1/2
∑
d|g
dP∗
d1−ε
∑
rP∗
d|r
r−1/2+ε
	 g−3/2+εN1/4P 1+ε∗ (Q∗)−1/2 	 g−3/2+εU1/2N−1/4Lc,
where we have used [g, r](g, r) = gr and (2.4).
Note that
( 1/(rQ∗)∫
−1/(rQ∗)
∣∣W(χ,λ)∣∣2 dλ
)1/2
	
( 1/(rQ∗)∫
−1/(rQ∗)
∣∣Wˆ (χ,λ)∣∣2 + ∣∣W(χ,λ) − Wˆ (χ,λ)∣∣2 dλ
)1/2
	
( 1/(rQ∗)∫
−1/(rQ∗)
∣∣Wˆ (χ,λ)∣∣2 dλ
)1/2
+
( 1/(rQ∗)∫
−1/(rQ∗)
∣∣W(χ,λ) − Wˆ (χ,λ)∣∣2 dλ
)1/2
.
Thus to establish Lemma 3.4, it suffices to show that
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r∼R
[g, r]−3/2+ε
∑∗
χ mod r
( 1/(rQ∗)∫
−1/(rQ∗)
∣∣Wˆ (χ,λ)∣∣2 dλ
)1/2
	 g−3/2+εU1/2N−1/4Lc, (3.13)
where R  P∗.
By Gallagher’s lemma (see [3, Lemma 1]), we have
1/(rQ∗)∫
−1/(rQ∗)
∣∣Wˆ (χ,λ)∣∣2 dλ 	 ( 1
RQ∗
)2 ∞∫
−∞
∣∣∣∣ ∑
v<m2v+rQ∗
N21 <m
2N22
(
Λ(m)χ(m) − δχ
)∣∣∣∣
2
dv
	
(
1
RQ∗
)2 N22∫
N21 −rQ∗
∣∣∣∣ ∑
v<m2v+rQ∗
N21 <m
2N22
(
Λ(m)χ(m) − δχ
)∣∣∣∣
2
dv
	
(
1
RQ∗
)2 N22∫
N21 −rQ∗
∣∣∣∣ ∑
X<m2X+Y
(
Λ(m)χ(m) − δχ
)∣∣∣∣
2
dv, (3.14)
where
X = max(v,N21 ), X + Y = min(v + rQ∗,N22 ).
Arguing exactly as in [2], we find that by applying Perron’s summation formula the inner sum
of (3.14) can be written as
S := 1
2πi
b+iT∫
b−iT
F (s,χ)
(X + Y) s2 −X s2
s
dt +O(L2),
for T = N and 0 < b < L−1, with
F(s,χ) =
∑
X1/2m(X+Y)1/2
(
Λ(m)χ(m) − δχ
)
m−s .
Using trivial estimates, we see that for 0 < b < L−1
(X + Y) s2 −X s2
s
	 min(T −10 , (|t | + 1)−1)
for T0 = N(RQ∗)−1. Thus for b → 0, S is bounded by
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T∫
−T
∣∣F(it, χ)∣∣ dt
T0 + |t | + L
2
	 L max
T0T1T
1
T1
T1∫
−T1
∣∣F(it, χ)∣∣dt +L2. (3.15)
Thus from (3.14) and (3.15), we find that the left-hand side of (3.13) is bounded by
	 L max
T0T1T
(RQ∗)−1T −11 U
1/2N1/4
∑
r∼R
[g, r]−3/2+ε
∑∗
χ mod r
T1∫
−T1
∣∣F(it, χ)∣∣dt
+ L3(RQ∗)−1U1/2N1/4g−3/2R2. (3.16)
Obviously the second term is acceptable. Note that [g, r](g, r) = gr , we find that the first term
of (3.16) is
	 max
T0T1T
g−3/2+ε(RQ∗)−1T −11 U
1/2N1/4L
∑
d|g
dR
(
R
d
)−3/2+ε ∑
r∼R
d|r
∑∗
χ mod r
T1∫
−T1
∣∣F(it, χ)∣∣dt.
(3.17)
In order to estimate the expression (3.17), we apply Theorem 1.1 in [2], which states that
∑
r∼R
d|r
∑∗
χ mod r
T1∫
−T1
∣∣F(it, χ)∣∣dt 	 N 12 + R2T1
d
N
11
40 .
Applying this result to (3.17) yields
	 max
T0T1T
max
d|g
dR
g−3/2+ε(RQ∗)−1T −11 U
1/2N1/4
(
R
d
)−3/2+ε(
N
1
2 + R
2T1
d
N
11
40
)
	 g−3/2+εU1/2N−1/4Lc,
provided that Q∗ = N 3140 +2ε . 
4. Proof of Lemma 2.1
With Lemmas 3.2.–3.5 known, we can use the iterative idea to prove Lemma 2.1.
Proof of Lemma 2.1. For q  P∗ and N1  p N2 or Y  p X we have (q,p) = 1. There-
fore we can rewrite the exponential sums S(α) and T (α) as
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(
a
q
+ λ
)
= D(q,a)
ϕ(q)
V1(λ)+ 1
ϕ(q)
∑
χ mod q
D(χ,a)U(χ,λ) =: a1 + a2
and
S
(
a
q
+ λ
)
= C(q, a)
ϕ(q)
V2(λ)+ 1
ϕ(q)
∑
χ mod q
C(χ,a)W(χ,λ) =: b1 + b2,
where V2(λ), V1(λ), U(χ,λ) and W(χ,λ) are as in (3.4). Thus
∫
M
T (α)S4(α)e(−Nα)dα =
∫
M
(a1 + a2)(b1 + b2)4e(−Nα)dα
=
∫
M
(
a1b
4
1 + 4a1b31b2 + 6a1b21b22 + 4a1b1b32 + a1b42
+ a2b41 + 4a2b31b2 + 6a2b21b22 + 4a2b1b32 + a2b42
)
e(−Nα)dα
= I10 + 4I11 + 6I12 + 4I13 + I14 + I20 + 4I21 + 6I22 + 4I23 + I24,
where
I1j =
∑
qP∗
1
ϕ5(q)
q∑
a=1
(a,q)=1
D(q,a)
(
C(q, a)
)4−j
e
(
−aN
q
)
×
1/(qQ∗)∫
−1/(qQ∗)
V1(λ)V
4−j
2 (λ)
{ ∑
χ mod q
C(χ,a)W(χ,λ)
}j
e(−Nλ)dλ
and
I2j =
∑
qP∗
1
ϕ5(q)
q∑
a=1
(a,q)=1
(
C(q, a)
)4−j
e
(
−aN
q
)
×
1/(qQ∗)∫
−1/(qQ∗)
V
4−j
2 (λ)
{ ∑
χ mod q
D(χ,a)U(χ,λ)
}{ ∑
χ mod q
C(χ,a)W(χ,λ)
}j
e(−Nλ)dλ.
We shall prove that I10 gives the main term and the other terms give the error term. We first
compute the main term I10. We apply Lemma 8.8 in [5] to V2(λ) and find that
V2(λ) =
N2∫
e
(
λu2
)
du+ O(1)N1
816 G. Lü / Journal of Number Theory 128 (2008) 805–819= 1
2
N22∫
N21
v−
1
2 e(λv)dv + O(1)
= 1
2
∑
N21mN22
e(λm)√
m
+O(1).
Substituting this into I10 we see that
I10 = 116
∑
qP∗
B(N,q)
ϕ5(q)
1/(qQ∗)∫
−1/(qQ∗)
( ∑
N21mN22
e(λm)√
m
)4( ∑
YmX
e(mλ)
)
e(−Nλ)dλ
+O
( ∑
qP∗
|B(N,q)|
ϕ5(q)
1/(qQ∗)∫
−1/(qQ∗)
∣∣∣∣ ∑
N21mN22
e(λm)√
m
∣∣∣∣
3∣∣∣∣ ∑
YmX
e(mλ)
∣∣∣∣dλ
)
.
After extending the integral to [− 12 , 12 ], we have
I10 = 116
∑
qP∗
B(N,q)
ϕ5(q)
1/2∫
−1/2
( ∑
N21mN22
e(λm)√
m
)4( ∑
YmX
e(mλ)
)
e(−Nλ)dλ
+ O
( ∑
qP∗
|B(N,q)|
ϕ5(q)
1/2∫
1/(qQ∗)
∣∣∣∣ ∑
N21mN22
e(λm)√
m
∣∣∣∣
4∣∣∣∣ ∑
YmX
e(mλ)
∣∣∣∣dλ
)
+ O
( ∑
qP∗
|B(N,q)|
ϕ5(q)
1/(qQ∗)∫
1/(qQ∗)
∣∣∣∣ ∑
N21mN22
e(λm)√
m
∣∣∣∣
3∣∣∣∣ ∑
YmX
e(mλ)
∣∣∣∣dλ
)
.
Using the elementary estimates
∑
N21mN22
e(λm)√
m
	 min
(
U,
1√
N‖λ‖
)
and
∑
YmX
e(mλ) 	 min
(√
NU,
1
‖λ‖
)
to bound the O-terms above, we have
G. Lü / Journal of Number Theory 128 (2008) 805–819 817I10 = 116P0
∑
qP∗
B(N,q)
ϕ5(q)
+ O((P∗Q∗)4N−2)+O(U3)
= 1
16
P0
∑
qP∗
B(N,q)
ϕ5(q)
+ O(U4L−A)
= 1
16
P0S(N)+O
(
U4L−A
)
, (4.1)
where S(N) is defined by (3.3) and satisfies S(N)  1 for N ≡ 1 (mod 3).
For the other terms, we only treat the most complicated one, I24. The treatment of other terms
is similar, so that we do not want to go into the details. Reducing the characters in I24 into
primitive characters, we have
|I24| =
∣∣∣∣∣
∑
qP∗
1
ϕ5(q)
∑
χ1 mod q
· · ·
∑
χ5 mod q
B(N,q,χ1, . . . , χ5)
×
1/(qQ∗)∫
−1/(qQ∗)
U(χ1, λ)W(χ2, λ) · · ·W(χ5, λ)e(−Nλ)dλ
∣∣∣∣∣

∑
r1P∗
· · ·
∑
r5P∗
∑∗
χ1 mod r1
· · ·
∑∗
χ5 mod r5
∑
qP∗
r0|q
|B(N,q,χ1χ0, . . . , χ5χ0)|
ϕ5(q)
×
1/(qQ∗)∫
−1/(qQ∗)
∣∣U(χ1χ0, λ)∣∣∣∣W (χ2χ0, λ)∣∣ · · · ∣∣W (χ5χ0, λ)∣∣dλ,
where χ0 is the principal character modulo q , r0 = [r1, r2, . . . , r5] depending on r1, r2, . . . , r5,
and the sum
∑∗ is over all primitive characters. For q  P∗ and N1  p  N2 or Y  p  X,
we have (q,p) = 1. Using this and (3.4), we have W(χjχ0, λ) = W(χj ,λ) and U(χjχ0, λ) =
U(χj ,λ) for the primitive characters χj above. Thus by Lemma 3.1, we obtain
|I24| 
∑
r1P∗
· · ·
∑
r5P∗
∑∗
χ1 mod r1
· · ·
∑∗
χ5 mod r5
1/(r0Q∗)∫
−1/(r0Q∗)
∣∣U(χ1, λ)∣∣∣∣W(χ2, λ)∣∣ · · · ∣∣W(χ5, λ)∣∣dλ
×
∑
qP∗
r0|q
|B(N,q,χ1χ0, . . . , χ5χ0)|
ϕ5(q)
	 Lc
∑
r1P∗
· · ·
∑
r5P∗
r
−3/2+ε
0
∑∗
χ1 mod r1
· · ·
∑∗
χ5 mod r5
×
1/(r0Q∗)∫
∗
∣∣U(χ1, λ)∣∣∣∣W(χ2, λ)∣∣ · · · ∣∣W(χ5, λ)∣∣dλ.
−1/(r0Q )
818 G. Lü / Journal of Number Theory 128 (2008) 805–819In the last integral, we take out |U(χ1, λ)| and |W(χj ,λ)| (j = 2,3), and then use Cauchy’s
inequality to get
|I24| 	 Lc
∑
r1P∗
∑∗
χ1 mod r1
max
|λ|1/(r1Q∗)
∣∣U(χ1, λ)∣∣
×
∑
r2P∗
∑∗
χ2 mod r2
max
|λ|1/(r2Q∗)
∣∣W(χ2, λ)∣∣
×
∑
r3P∗
∑∗
χ3 mod r3
max
|λ|1/(r3Q∗)
|W(χ3, λ)
∣∣
×
∑
r4P∗
∑∗
χ4 mod r4
( 1/(r4Q∗)∫
−1/(r4Q∗)
∣∣W(χ4, λ)∣∣2 dλ
)1/2
×
∑
r5P∗
r
−3/2+ε
0
∑∗
χ5 mod r5
( 1/(r5Q∗)∫
−1/(r5Q∗)
∣∣W(χ2, λ)∣∣2 dλ
)1/2
. (4.2)
Now we introduce an iterative procedure to bound the above sums over r5, . . . , r1 consecu-
tively.
We first estimate the above sum over r5 in (4.2) via Lemma 3.4. Since r0 = [r1, . . . , r5] =
[[r1, . . . , r4], r5], the sum over r5 in (4.2) is
=
∑
r5P∗
[[r1, . . . , r4], r5]−3/2+ε ∑∗
χ5 mod r5
( 1/(r5Q∗)∫
−1/(r5Q∗)
∣∣W(χ5, λ)∣∣2 dλ
)1/2
= K([r1, . . . , r4])	 [r1, . . . , r4]−3/2+εU1/2N−1/4Lc.
This contributes to the sum over r4 of (4.2) in amount
	 U1/2N−1/4Lc
∑
r4P∗
[r1, . . . , r4]−3/2+ε
∑∗
χ4 mod r4
( 1/(r4Q∗)∫
−1/(r4Q∗)
∣∣W(χ4, λ)∣∣2 dλ
)1/2
= U1/2N−1/4LcK([r1, r2, r3])	 [r1, r2, r3]−3/2+εUN−1/2Lc,
where we have used Lemma 3.4 again.
Inserting this last bound into (4.2), we can bound the sum over r3 as
	 UN−1/2Lc
∑
r3P∗
[r1, r2, r3]−3/2+ε
∑∗
χ3 mod r3
max
|λ|1/(r3Q∗)
∣∣W(χ3, λ)∣∣
	 UN−1/2LcJ ([r1, r2])	 U2N−1/2Lc[r1, r2]−3/2+ε.
Similarly we can bound the sums over r2, r1 and find that
G. Lü / Journal of Number Theory 128 (2008) 805–819 819|I24| 	 U2N−1/2Lc
∑
r1P∗
∑∗
χ1 mod r1
max
|λ|1/(r1Q∗)
∣∣U(χ1, λ)∣∣
×
∑
r2P∗
[r1, r2]−3/2+ε
∑∗
χ2 mod r2
max
|λ|1/(r2Q∗)
∣∣W(χ2, λ)∣∣
= U2N−1/2Lc
∑
r1P∗
∑∗
χ1 mod r1
max
|λ|1/(r1Q∗)
∣∣U(χ1, λ)∣∣J (r1)
	 U3N−1/2LcJ ′(1) 	 U4L−A, (4.3)
where we have used Lemma 3.2 and Lemma 3.5 consecutively. 
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